We explore a model based on the classically-scale invariant standard model (SM) with a strongly coupled vector-like dynamics, which is called hypercolor (HC). The scale symmetry is dynamically broken by the vector-like condensation at the TeV scale, so that the SM Higgs acquires the negative mass-squared by the bosonic seesaw mechanism to realize the electroweak symmetry breaking. An elementary pseudoscalar S is introduced to give masses for the composite Nambu-Goldstone bosons (HC pions): the HC pion can be a good target to explore through a diphoton channel at the LHC. As the consequence of the bosonic seesaw, the fluctuating mode of S, which we call s, develops tiny couplings to the SM particles and is predicted to be very light. The s predominantly decays to diphoton and can behave as an invisible axion-like dark matter. The mass of the s-dark matter is constrained by currently available cosmological and astrophysical limits to be 10 −4 eV < ∼ ms < ∼ 1 eV. We find that the sufficient amount of relic abundance for the s-dark matter can be accumulated via the coherent oscillation. The detection potential in microwave cavity experiments is also addressed.
of the model Lagrangian thus goes like
with
Here the SM gauges have been switched off momentarily and the potential term V will be specified later. The "chiral" symmetry is assumed to be explicitly broken due to the the breaking terms:
where the Yukawa and g S couplings y and g S are assumed to be ≪ 1 in order to realize the "chiral" symmetry approximately; H denotes the elementary Higgs doublet, and the S is a pseudoscalar field having no SM charges. The potential term V in Eq. (1) includes the H and S like
Thus, the full Lagrangian terms are constructed from Eqs. (1), (4), (5) and (6) as L + ∆L ′ . Among the "chiral" symmetry, U (1) A is to be explicitly broken by the anomaly, and the remaining (approximate) "chiral" SU (3) L × SU (3) R (×U (1) V ) is broken by the "chiral" condensate, invariant under the SM gauge symmetry, F F = χ i χ i = ψ ψ = 0, down to the diagonal subgroup SU (3) V (×U (1) V ) at the strong scale Λ HC , just like the ordinary QCD. The "chiral" condensate F F then gives rise to the 8 Nambu-Goldstone bosons (plus heavy η ′ ).
A. Scalar Seesaw
At the Λ HC scale the composite HC Higgs fields ∼F i F j are generated. Among them, the component Θ ∼ χψ has the same quantum number as that of the elementary Higgs doublet H. The mixing between the Θ and H thus gives rise to the scalar seesaw [6] .
Taking into account the Yukawa term L y in Eq. (4) and generation of the Θ mass term, one can write the effective Lagrangian at Λ HC to quadratic order in fields as
The mass eigenstates (S, η 0 ) are related to the current eigenstates (S, η ′ ) as
to the nontrivial order of expansion in g S ≪ 1, where we have taken M η ′ ≃ Λ HC . Thus, the pseudoscalar S can get the nonzero vacuum expectation value, playing the significant role to supply the pseudo Nambu-Goldstone boson (HC pion) masses, as will be clearly seen later.
C. Electroweak Symmetry Breaking
Including the dynamically generated terms, we thus see that Eq. (6) is now modified at the scale Λ HC as follows:
where we added the quartic coupling of Θ which can generically be induced from the underlying HC dynamics, and is expected to be > ∼ O (10) . Based on this potential we discuss the realization of the electroweak symmetry breaking. To this end, we may first parametrize the scalar and pseudoscalar fields with their vacuum expectation values for the mass eigenstate fields (H 1 , H 2 ) and (S, η 0 ) in Eqs. (10) and (14):
where ± denote the electromagnetic charges assigned according to the charges of the HC-F fermions. We may search for the vacuum by assuming
so that, for the nontrivial solutions v 1 = 0, v S = 0, v η = 0, the stationary conditions are obtained by expanding terms in powers of y and g S as
where the last condition has come by imposing v 2 = 0 and the ellipses denote terms suppressed by higher orders in expansion with respect to y and g S , and the expressions in the parenthesis correspond to the seesaw-induced formulae.
As will be discussed in the later section, the v S is constrained, by the phenomenological limits on the pseudoscalar s, as Λ HC /v S ≪ 1, so that the coupling κ H is required to be vanishingly small, κ H ≪ 1, hence so is the λ S , λ S ≪ 1. By adjusting parameters to satisfy these conditions, the electroweak scale v 1 = 246 GeV can be realized at the minimum of the potential (with the H-quartic coupling λ H > 0, hence κ H < 0), consistently with the bosonic seesaw mechanism.
As will be clarified later (Eq.(19) ), the square of masses for fluctuating fields (h (18) with v 2 = 0. This implies that the vacuum has safely been aligned to where the electroweak symmetry is broken with extra nonzero CP-odd vacuum expectation values (v S , v η ). By taking some reference values for the potential parameters, we have numerically checked that the electroweak-broken vacuum indeed locates at the global minimum. Actually, the alignment problem should be argued by taking into account all the possible vacuums including nonzero vacuum expectation values for other composite HC Higgs fields likeχχ,ψψ, and so forth. However, due to the presence of the "chiral" symmetry in the underlying HC theory, one can be allowed to rotate the composite HC Higgs fields to be aligned to the desired direction where the potential is minimized at the electroweak-broken vacuum. More rigorous proof is to be beyond scope of the present study, which will be argued elsewhere.
D. Scalar and Pseudoscalar Masses
The scalars (h 1 , h 2 ) and pseudoscalars (s, e 0 ), defined as in Eq. (16) , arise as the fluctuating modes around the vacuum expectation values (v 1 , v S , v η ) in the potential Eq. (15) . Expanding the potential terms in powers of the small parameters (y, g S , v 1 /v S , κ H , λ S ) and keeping only the nontrivial leading orders, one finds the mass eigenvalues,
where the second approximate expression in the third line follow from the stationary conditions in Eq. (18) and the h 0 1
is identified as the 125 GeV Higgs. It is interesting to note that, in addition to particles with the O(TeV) mass on the natural scale of HC dynamics, the present model predicts a light pseudoscalar (s) with mass of O(g S Λ HC )(≪ Λ HC ), as the consequence of the bosonic seesaw mechanism. Thus, this s is a smoking-gun of the model and will be identified as the dark matter candidate, as will be discussed later.
#1
The stationary condition for v 2 actually includes the trivial solution v 2 = 0, hence one can always select the vacuum with v 2 = 0 which in the present study we have taken for simplicity. Under the condition with v 2 = 0, however, other vacuum expectation values (v S ,vη) cannot be set to zero because of some phenomenological constraints, related to the HC pion and eta-prime masses, as will be seen later (See Eqs. (18), (19) and (22)).
E. HC pions
Since the y− and g S − Yukawa terms in Eqs. (4) and (5) explicitly break the "chiral" SU (3) L × SU (3) R symmetry, the 8 Nambu-Goldstone bosons become pseudo's (HC pions Π) through those interactions. Using the current algebra technique and expanding things in powers of y and g S , one can evaluate the HC pion masses to find that they are almost degenerate to be
where
with the f Π being the HC pion decay constant. The detail of the derivation for this formula is presented in Appendix A.
As a reference point, we may set the HC pion mass to be 750 GeV so that the combination (g S v S ) can be fixed as
We may take Λ HC ∼ 4πf to get the formula for the coupling g S ,
which implies v S > ∼ O(TeV).
III. THE LIGHT PSEUDOSCALAR s AS A DARK MATTER CANDIDATE
As noted in the previous section, the present model predicts the light pseudoscalar s as the direct consequence of the bosonic seesaw. In the present study we shall try to identify the s as a dark matter candidate and this section devotes ourselves to discuss several cosmological and astrophysical limits on the s-dark matter.
A. Lifetime
We first evaluate the s mass, decay property, and its lifetime. The s mass is related to the HC pion masses through Eqs. (19) and (23) as
The s couplings to the SM particles arise from mixing with the HC-eta prime coupled to the SM gauge bosons, W W, ZZ, Zγ and γγ, along with the tiny factor g S ≪ 1 (see Appendix B). Taking into account the size of the s mass in Eq. (24), we thus find that the decay channel of the s is only the diphoton mode through the vertex:
where use has been made of Eq. (24) . The lifetime of s is thus calculated to be 
For the s to be a dark matter, the lifetime has to be longer than the age of the universe at present time, which requires τ > ∼ 10 17 s. From Eq.(27) the s mass is thus constrained as
line emission limits horizontal branch star limit [7] [8] [9] .
B. Astrophysical and cosmological limits
Line emission observations
The s, dominantly decaying to photon, is expected to affect several line emission observations such as gamma-ray, X-ray, and cosmic ray, so the mass of s can be severely constrained as in the case for other dark matter candidates [7, 8] . In addition, the mass-independent limit on the coupling to the photon, g sγγ , can be placed by the observations of the horizontal branch stars for a lower mass range m s < ∼ 0.1 keV [9] . From Eq. (27) in Fig. 1 we make a plot of the lifetime of s (τ ) as a function of the mass m s in comparison with the line shape and the horizontal branch star limits. The figure implies the limits on the s as
2. Constraints on the thermal s
The s-dark matter can be thermally produced by the scattering with the photon, s + γ ↔ s + γ, through the interaction in Eq. (25) with the coupling Eq. (26) in the early universe. The reaction rate R(T ) can roughly be estimated as
The decoupling temperature of the s, T D , can be evaluated, by equating this R(T ) with the Hubble rate 
For N HC = (3, 4, 5) , we have 155.25, 179.75, 208.25) .
Thus we find
where Eq. (26) have been used. Even after decoupling from the thermal equilibrium, the s (with mass < ∼ 1 keV as in Eq. (29)) can be still relativistic at present, which is constrained by the null observation of dark radiations [11] . Since the s goes cool down just like radiations due to the Hubble expansion after the decoupling, the present temperature of the s is estimated as
with g * (T 0 ) = (2) γ + (21/4(4/11) 4/3 ) ν + (1) s ≃ 4.36. The current dark radiation constraint reads [11] 
The s mass may thus be required to be
If the s decouples from the photon after the inflation and reheating temperature T R , the temperature of the s is heated back up to reach the same as the photon temperature, so that the s would be a warm or hot dark matter-like particle. Currently such a light warm matter has been severely constrained by the cosmic microwave background spectrum. Hence we may escape from the case, by imposing T D > T R . The present model may follow a typical Higgs inflation scenario, as discussed in Ref. [12] , in which T R ≃ 10 14 GeV. Taking this value as a reference and using Eq. (33), we thus find
From Eqs. (29), (35) and (36), we thus see the s mass constrained to be
IV. COSMOLOGICAL PRODUCTIONS AND DETECTION OF THE s-DARK MATTER
In this section, we closely explore the possibility for the s as a dark matter to account for the relic abundance at the present time.
A. Thermal production
Though the s-dark matter decouples from the thermal equilibrium in the early universe at
, there might exist the chance to thermally accumulate the number density by production cross sections interacting with the HC sector until the HC sector decouples from the thermal equilibrium at around T = Λ HC = O(TeV). The relevant production processes involve only a single s in the final state through the s − γ − γ vertex in Eq. (25) #2 and the s−Z −γ, s−Z −Z vertices listed in Appendix B, scattered off from the HC sector-fermion F = (χ, ψ) such as F +F → γ/Z + s. The production cross section roughly goes like
where in the second equality we have used the first relationship in Eq. (24) . The corresponding number density per entropy density at present time (Y s (T 0 ) = n s (T 0 )/s(T 0 )) can be estimated by integrating the Boltzmann equation
#2 When the temperature is significantly higher than Λ HC , the s-coupling to diphoton may arise from the HC fermion loops. Even if the universe is in such a symmetric phase by taking into account the thermal effect, the vertex is anyhow generated with the magnitude of the order of gsγγ which is given by Eq. (26) .
with the above production cross section over the temperature from the reheating temperature T R ≈ 10 14 GeV down to the freeze-out temperature T F = Λ HC . Following the formula given in Ref. [13] we thus evaluate the Y s (T 0 ) as
where in reaching the last line we used
, with g * (T ) = g s * (T ) is assumed and the thermal average is expressed to be
where ζ(3) = 1.202... and K 1 (x) stands for the modified Bessel function of the first kind, σ(x 2 ) = σ(s/T 2 ) and g F (F ) is the internal (spin) degree of freedom for the HC fermion (anti-fermion) F ; η F (F ) is a number density factor associated with the initial state particle assigned as η F = 3/4 for fermions (anti-fermion). Using these we thus calculate the
where use has been made of g * (T R ) = g * (Λ HC ). Thus, it turns out that the thermal relic is too small to explain the present dark matter abundance. This result is essentially tiled with the tiny coupling g S which leads to the extremely small cross section with the HC sector in Eq.(38).
B. Non-thermal production
Analogously to the case of axion dark matter [8] , the s-dark matter population can be accumulated by "misalignment" of the classical s field and the coherent oscillation. Assuming the initial position at which the oscillation starts to be the vicinity of the vacuum s = 0 with the vacuum expectation value v S , we write the equation of motion for the s under the Friedmann-Robertson-Walker metric to be
This describes the damping harmonic oscillation in which the oscillation takes place when T = T osc where 3H(T ) ≈ m s , i.e.,
This implies that 130 GeV < ∼ T osc < ∼ 13 TeV for 10 −4 eV < ∼ m s < ∼ 1 eV. Since the s mass is generated through the bosonic seesaw at T ≃ Λ HC = O(1) TeV, we find that the temperature at which the coherent oscillation starts, what we call T S , depend on the m s as
The energy density of the classical s field is thus accumulated by the coherent oscillation starting from the temperature T S in Eq. (44), cooling down to the present temperature T 0 . The contour plots on the (ms, θ) plane realizing the observed present dark matter density ΩDMh 2 = 0.118 [10] . The bumps, which show up when TS gets lower than ΛHC, are due to the discontinuity of the effective degrees of freedom gs * around the TS = ΛHC as described in the text.
At the T = T S the energy density of the s corresponds to the vacuum energy defined as
where the θ is defined as the amount of the shift from the original S field at the vacuum expectation value v S to be S = v S (1 + θ) with θ ≪ 1, and the potential V (θ) is read off as
One can easily see that during the coherent oscillation, the number density per comoving volume is conserved and the s behaves just like a non-relativistic particle satisfying ρ s ∝ R −3 with the expansion rate R. Hence we write
Thus, we get the present abundance of DM as
by using Eqs. (24) . This relation shows that we can explain the correct abundance of s with an appropriate value of θ even when the HC pion mass is heavier/lighter than 750 GeV. From Eqs. (44), (46) and (47), and using the second equality in Eq. (24), we thus estimate the s-dark mater relic density,
The contour plot on the (m s , θ) plane with the observed dark matter relic density Ω DM h 2 ≃ 0.118 [10] has been drawn in Fig. 2 . Here use has been made of s(T 0 ) = figure, we find that the relic density of the s, with the mass in a range of 10 −4 eV < ∼ m s < ∼ 1 eV, can be accumulated enough to account for the present dark matter abundance.
C. Detection possibility in experiments
As has so far been seen in this section, the s-dark matter has the lifetime much longer than the age of the universe and has extremely tiny couplings to the SM particles, and hence the detection at collider experiments is unlikely to be possible.
As in the case of invisible axion-like dark matter detection [14] , cosmic pseudoscalar s, left over from the big bang, may be detected by microwave cavity haloscopes. In that facility, a strong static magnetic field is provided to make the s drift through the microwave cavity, resonantly converted to microwave photons according to the s-photon-photon interaction in Eq. (25) . The conversion power P is given by [14] 
where ρ s (T 0 ) is the local s energy density, B 0 the magnetic strength scale, V the volume of the cavity and L x the size of the x direction. Taking a typical experimental setup currently employed [15] , B 0 = 10 Tesla, L x = 1 m, V = 1 m 3 and the local halo density ρ halo ≃ 0.3 GeV/cm 3 , we estimate the detection power
where we have used Eq. (26) . The power for m s ∼ 1 eV is comparable with the axion detection potential [15] , so the s can be hunted at the same level of the sensitivity as the axion by the microwave cavity experiments.
V. SUMMARY AND DISCUSSION
In this paper, we have employed a model based on the classically-scale invariant standard model extended by adding a strongly coupled hypercolor dynamics. The dynamical breaking of the scale symmetry is triggered by the vector-like condensation at the TeV scale, so that the standard model Higgs acquires the negative mass-squared by the bosonic seesaw mechanism to realize the electroweak symmetry breaking.
What is significant to control this model is to include an elementary pseudoscalar S, which plays the crucial role to realize the electroweak bosonic seesaw, as well as to give masses for the composite Nambu-Goldstone bosons (hypercolor pions): in this sense, the S acts like another "Higgs" in the theory. Thus, discovering the fluctuating mode of S, called s, is the smoking-gun of the present model.
Because of the classical-scale invariance, the pseudoscalar S originally couples only to the standard model Higgs and hypercolor fermions. After the dynamical-scale breaking and triggering the electroweak bosonic seesaw, the s thus develops vanishingly small couplings to the standard model particles, which arise only through the tiny mixing with the hypercolor eta-prime. In addition, it turned out that in relation to the hypercolor pion masses the s mass is predicted to be very light and to predominantly decay to diphoton, so we have identified the s as a dark matter candidate. The s mass was then severely constrained by several cosmological observations, such as line emissions of X-ray, gamma-ray and cosmic-ray, no evidence for dark radiations, and a typical Higgs inflation scenario. The s mass was thus bounded to be 10 −4 eV < ∼ m s < ∼ 1eV. We examined the possibility of the cosmological productions of the s. It was shown that the s is unlikely to be thermally produced essentially due to its tiny couplings to the hypercolor sector in the thermal equilibrium. We then found that the sufficient amount of relic abundance of s as the cold dark matter can be accumulated via the coherent oscillation.
The detection potential in microwave cavity experiments was also addressed so that the s with mass around 1 eV can have the same level of the detection sensibility as that of the axion in the currently equipped experimental setup, so the s can be hunted by the microwave cavity experiments.
Several comments are in order:
The crucial deference between the s-dark matter and the axion-like dark matter can be seen by no evidence for observations probing couplings to matter, such as the test of gravitational inverse-square law and energy loss in stars like neutron star cooling. The s coupling to matters can be generated at loop levels by the g S and κ H couplings. As seen from Eqs. (18) and (19) , however, those couplings are extremely small, suppressed by (m s /Λ) ≪ 1 or (v 1 /v s ) ≪ 1 (See also Eq. (23)). Hence one can conclude that there is no chance to detect the s-dark matter through the couplings to matters, in contrast to the axion case. Thus, no evidence for observations with the matter-portal, but some signals identical among the s and the axion in the line shapes and microwave cavity experiments would be a clear hint to distinguish them. (Note that a dilaton-like dark matter signal in the microwave cavity is clearly different from that of the s and the axion, due to the different type of the coupling to photons: E · B for pseudoscalars, while E · E or B · B for scalars.)
As discussed in Secs. III and IV, we have assumed that the reheating epoch is associated with the Higgs inflation scenario. It might be the case, however, that one needs somewhat large non-minimal couplings between the SM Higgs and the scalar curvature for the reheating temperature in the Higgs inflation scenario. In that case, the reheating epoch would be shifted, so the upper bound on the mass of s, as estimated in Eq. (36), could be affected. Detailed study closely connected with inflation scenarios is to be performed in the future literature.
The predicted number in Eq.(50) depends on the s mass, so it does also on the hypercolor pion mass through Eq. (24) . It should be noted, however, that the light pseudoscalar s as a candidate of the dark matter is intact even if the hypercolor pion mass is not set to the present reference value, since it is solely tied with realization of the electroweak breaking via the bosonic seesaw: the mass has to be much smaller than Λ HC , which is controlled by the small coupling g S (≪ 1) in Eq. (19); the s couplings to the standard model particles, photons, necessarily becomes tiny by the same g S coupling strength as the consequence of the bosonic seesaw, which would suggest to regard the s as a dark matter candidate; the s mass is then inevitably constrained by cosmological bounds, to be order of eV, as was discussed in the text.
Actually, the couplings of the s-dark matter are required to be extremely small: the coupling to hyperfermion, g S ∼ 10 −12 , from Eq. (24) for m s ∼ 1eV (which is coincidentally as small as the Yukawa coupling for neutrino in Dirac neutrino models); the quartic coupling λ S ∼ 10 −44 from Eq. (19) with v S ∼ 10 13 GeV estimated from Eq. (23) with m s ∼ 1eV and g S ∼ 10 −12 ; the coupling to the 125 GeV Higgs, κ H ∼ 10 −22 , estimated from Eq. (19) with v S ∼ 10
13 GeV. The origin of these extremely small couplings could be explained by the underlying Planck scale physics, which is, however, beyond the scope of the present study, to be pursued elsewhere. Note that the realization of the electroweak symmetry breaking has nothing theoretically to do with the smallness of those coupling parameters, which are only related to the physics of the light s including the mass generation of hypercolor pions and the property as the invisible dark matter.
Other signals characteristic to the present model involve not only hypercolor pions, but also the hypercolor etaprime and hypercolor composite scalar states, both of which are expected to have the mass on the order of Λ HC . As briefly studied in Appendix C, the hypercolor eta-prime can be produced at the LHC, via the photon -photon fusion process as well as the hypercolor pions. The discovery channels will be similar to the hypercolor pions: W W, ZZ, Zγ and γγ modes. Since the production cross section decreases as the resonance mass grows, the photon -photon fusion cross section for the hypercolor eta-prime significantly gets smaller than that of the hypercolor pions, so it may be challenging to search at the LHC (For explicit estimates for the signal strengths, see Appendix C).
As to the hypercolor composite scalars, the couplings to the standard model particles are controlled by the tiny Yukawa coupling y(≪ 1) through the mixing with the standard model Higgs. It would be worth investigating how much large the y coupling is allowed to be consistent with the currently reported heavy Higgs search data, and to discuss the LHC discovery potential. Such those topics are deserved to the future study.
In closing, in the present work we have so far focused on the possibility for the predicted light pseudoscalar s to be a dark matter candidate. Actually, another scenario can be made: with the s mass around GeV scale the s could be just a long-lived particle having the lifetime much shorter than the age of the present universe. That sort of a light long-lived particle could be accessible at the LHC. This interesting another possibility will be pursued in another publication.
Masses from the gS term
First of all, one should note that the nonzero vacuum expectation value of S, v S , is required in the present model, which provides masses for the 8 HC pions (Π a ) via the g S term in Eq. (5). The HC pion masses can be evaluated according to the standard current algebra, which turn out to show up at the second order of perturbation in g S :
where J P (x) = iF (x)γ 5 F (x) and the symbol "T " stands for the time-ordered product. We use the partially-conserved axialvector current (PCAC) relations and the current algebra,
where the current J a µ5 is defined as J a µ5 =F γ µ γ 5 (λ a /2)F with the generator (λ a /2) with the Gell-Mann matrix λ a (a = 1, · · · 8); f Π is the Π-decay constant, defined as 0|J
the O denotes an arbitrary Heisenberg operator, and δ a 5 denotes the infinitesimal-"chiral" transformation, which acts on the F -fermion as δ a 5 F = −iγ 5 (λ a /2)F . Using these together with the reduction formula, one thus evaluates Eq.(A1) to arrive at
and we have defined the current correlators Π S,η ′ as
We may expand the correlators by assuming the resonances pole saturation,
with the masses (m Sn , m η ′ n ) and the decay constants (F Sn , F η ′ n ). Then the HC pion mass formula in Eq.(A3) is rewritten as a sum rule to be
Analogously to the QCD case, the η
is expected to be of order of the pion decay constant [16] , f Π ∼ O( ΛHC 4π ), and the higher resonance contributions could numerically be cancelled each other in the sum between the scalar and pseudoscalar sector, namely, by
Thus we may evaluate the sum rule just by keeping the lowest resonance contribution:
where in the last line we have clarified that the mass is independent of the number of HC, N HC . Thus the derivation of Eq. (20) has been compensated.
Masses from the y-term
Similarly to the g S term, the y-Yukawa term (L y ) in Eq. (4) gives masses to the HC pions via the H-Higgs vacuum expectation value v 1 ≃ 246 GeV. Again, the estimate of the mass can be done by using the current algebra technique:
The nonzero elements for the mass matrix are thus found be
where F F denotes the "chiral" condensate per flavors, i.e., F F = χ 1 χ 1 = χ 2 χ 2 = ψ ψ .
Diagonalization of the HC pion sector
Combining Eqs.(A7) with Eq.(A9). one finds the HC pion mass matrix acting on the current-eigenstate vector 
where m 2 gS and (m 2 y ) ab respectively stand for the masses in Eqs.(A7) and (A9). The mass matrix can easily be diagonalized by an orthogonal rotation, which relates the current eigenstates {Π} with the mass eigenstates {Π} as
with the mass eigenvalues,
where terms of O(y 2 ) have been neglected. By tuning y to be ≪ 1, we may thus neglect the y-corrections to the HC pion masses. Note that even if those offdiagonal corrections are numerically neglected, the HC pions significantly mix independently of the y as in Eq.(A11): this is the reflection of degenerate perturbation theory well-known in the quantum mechanics. Such a "non-decoupling" mixing will thus affect the HC pion phenomenology as described in the next Appendices.
Appendix B: Effective "Chiral" Lagrangian
In this Appendix we present the effective "chiral" Lagrangian for the HC pions and derive interaction terms relevant to study the LHC phenomenology.
The low-energy effective theory of the present model can be described by the HC pion fields Π, by the nonlinear realization of the underlying flavor "chiral" SU (3) L × SU (3) R symmetry associated with the flavor condensate of
The basic variable to construct the effective model is the "chiral" field U , which transforms under the global "chiral" symmetry as U → g L · U · g † R , where g L,R belong to the "chiral" SU (3) L,R groups, respectively. When the SM gauges are turned on, the global "chiral" symmetry is partially localized according to the SM-gauge embedding as in Ref. [6] . Then the effective gauged-"chiral" Lagrangian invariant under the chiral SU (3) L × SU (3) R and U (1) V symmetries is written as
with λ a (a = 1, · · · , 8) being the Gell-Mann matrices normalized as tr[λ a λ b ] = 2δ ab , (W a µ , B µ ) the electroweak gauge fields in the SM, and U parametrizes the HC pion fields with regard to the spontaneous breaking of the "chiral" SU (3) L × SU (3) R symmetry down to the diagonal subgroup SU (3) V , just like the ordinary QCD, with the associated HC pion decay constant f Π . The electroweak charges of U have come from the underlying F -fermion fields and its vector-like condensate [6] . In Eq.(B1) two spurion field M has been introduced, in which M transforms under the
. The spurion field is assumed to get the vacuum expectation value, M = 1 3×3 . leading to the explicit breaking of the "chiral" symmetry. Then, the L mass term can be matched to the underlying explicit breaking term, as discussed in the previous section, to determine the parameter b in front of it. The explicit relation between the parameter b and those explicit breaking coefficients will be irrelevant for the present study, so will not be specified here.
In addition to the Lagrangian in Eq.(B1), the HC sector yields anomalous vertices related to the "chiral" SU (3) L × SU (3) R anomaly with the SM charges gauged, a la Wess-Zumino-Witten term [17] . Such terms give significant contributions to HC pion decays to dibosons involving photons. Taking into account the fact that only vectorial symmetry has been gauged at present, one easily finds that only the following term is relevant for the diboson processes:
The SM gauge fields in the mass basis (W ± µ , Z µ , A µ ) can be encoded there, by the standard manipulation with Eq.(B1) as
in which the electromagnetic coupling e is written as 1/e 2 = 1/g
In terms of the mass-eigenstate gauge fields (W ± µ , A µ , Z µ ), the external gauge field V µ is expressed as
Expanding the Π field parametrized as in Eq.(B2) in terms of the component fields Π a (a = 1, · · · , 8), and using Eq.(B5), one readily finds that the couplings to neutral Π's arise as follows:
, and
In terms of the mass-eigenstate pions {Π} in Eq.(A11), the WZW interaction terms for the neutral pions are expressed as
The LHC phenomenology will closely be studied in the next section.
On the other hand, the charged current couplings to the current-eigenstate pions {Π} are
Writing things in terms of the mass-eigenstates {Π} with use of Eq.(A11), one gets the charged-current interaction terms,
In addition to the 8 HC pions, one may write down the WZW term for η ′ coupled to the associate current
iγ 5 F , in a way similar to Π's:
Since the η ′ mixes with the pseudoscalar S through Eq. (14), in terms of the mass-eigenstates (s, e 0 ) the WZW term for the η ′ now looks like
up to terms suppressed by O(g 2 S ). Here we have omitted the CP-violating terms like dAdA, dAdZ and dW dW since they can be washed out due to the fact that the SU (2) W × U (1) Y groups themselves are topologically trivial. 
where α em ≡ e 2 /(4π). We will hereafter take the mass to be m Π (= 750 GeV) as a reference value. Note that the branching fractions ofΠ 3, 6, 8 are completely determined independently of N HC and f Π , once the masses and the weak mixing angle are fixed. Thus, one gets .
The partial decay widths for the charged pNG bosons (Π ± ,Π ′± ) are calculated from Eq.(B12) as
with the photon luminosity function f γ/p . From the referenced formula in Eq.(C9), for √ s = 13 (8) 
where we used Γ(Π 3 → γγ) = 2/3Γ(Π 6 → γγ) read off from Eqs.(C1) and (C2). Similarly, one can easily reach the results for the ZZ and Zγ channels: (8) 
where use has been made of Γ(Π 3 → ZZ/Zγ) = 2/3Γ(Π 6 → ZZ/Zγ) and Γ(Π 3 → W W ) = (98/27)Γ(Π 6 → W W ) read off from Eqs.(C1) and (C2).
Taking f = 92 GeV as a reference value, below we give lists of the estimated cross sections for the HC pions: 
